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FUNCTIONS OF NONCOMMUTING SELF-ADJOINT OPERATORS 
UNDER PERTURBATION AND ESTIMATES OF TRIPLE 
OPERATOR INTEGRALS 

A.B. ALEKSANDROV, F.L. NAZAROV AND V.V. PELLER 

Abstract. We define functions of noncommuting self-adjoint operators with the help 
of double operator integrals. We are studying the problem to find conditions on a 
function / on for which the map {A,B) i—>■ f{A,B) is Lipschitz in the operator 
norm and in Schatten-von Neumann norms Sp. It turns out that for functions / in 
the Besov class i3^_i(R^), the above map is Lipschitz in the Sp norm for p € [1,2]. 
However, it is not Lipschitz in the operator norm, nor in the Sp norm for p > 2. 

The main tool is triple operator integrals. To obtain the results, we introduce new 
Haagerup-like tensor products of spaces and obtain Schatten-von Neumann norm 
estimates of triple operator integrals. We also obtain similar results for functions of 
noncommuting unitary operators. 
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1. Introduction 


In this paper we study the behavior of functions f{A,B) of (not necessarily commut¬ 
ing) self-adjoint operators A and B under perturbations of the pair {A,B). 

In the case of commuting self-adjoint operators A and B, one can define functions 
f{A,B) for all bounded Borel on (actually, it suffices to have a function / defined 
on the joint spectrum a{A,B) of A and B, which is a subset of the cartesian product 
(t{A) X cr{B) of the spectra of A and B) by the formula 

f{A,B)'^= jj f{x,y) dEA,Bix,y), 

where Ea,b is the joint spectral measure of A and B (see [BS4]). 

If the self-adjoint operators A and B do not commute, we define the function f{A, B) 
as the double operator integral 

/(Ai3) =' II fix,y)dEA{x)dEB{y), (1.1) 

where Ea and Eb are the spectral measures of A and B. The theory of double operator 
integrals was developed by Birman and Solomyak in [BSl], [BS2], and [BS3]. Unlike in 
the case of commuting operators, the functions f{A,B) cannot be defined for arbitrary 
bounded Borel functions /. For the integral in (1.1) to make sense, the function / has 
to be a Sehur multiplier. In § 2 we give a brief introduction in double operator integrals 
and Schur multipliers. 

Let us briefly summarize known results on perturbations of functions of one operator 
and functions of commuting operators. A function / on the real line M is called operator 
Lipsehitz if 

||/(A)-/(B)|| < const IIA-5II 

for arbitrary self-adjoint operators A and B (bounded or, possibly, unbounded). It 
was shown in [F] that a Lipsehitz function / (i.e., a function satisfying the inequality 
\f{x) — f{y)\ < const \x — y\, x, y G M.) does not have to be operator Lipsehitz. It turned 
out later (see [Me] and [K]) that the function x i-a- |x| is not operator Lipsehitz. Note 
also that in [Pe2] and [Pe3] necessary conditions for / to be operator Lipsehitz are found 
that are based on the trace class description of Hankel operators (see [Pel] and [Pe5]). 

Among various sufficient conditions for operator Lipschitzness we mention the one 
found in [Pe2] (see also [Pe3]) in terms of Besov spaces: if / belongs to the Besov class 
BI^ i(K), then / is operator Lipsehitz (see § 2 for a brief introduction in Besov spaces). 
It is well known that / is operator Lipsehitz if and only if it possesses the property 

A-BgSi f(A)-fiB)GSi. 

Moreover, if / is operator Lipsehitz, then it is also trace norm Lipsehitz, i.e., 

ll/(^) - /(^)llsi < const ||A - B\\sj^. 

Here Si is trace class. We are going to use the notation Sp for Schatten-von Neumann 
classes and we refer the reader to [GK] for detailed information about such ideals of 
operators. 
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If we consider Lipschitz type estimates in the Schatten-von Neumann norm Sp, 
1 < p < oo, the situation is different. A classical result (see [BS3]) says that \i A — B 
belongs to the Hilbert-Schmidt class S 2 and / is a Lipschitz function, than 

||/(A)-/(B)||5, <||/||Lip||A-B||5,. 

Recently it was shown in [PoS] that such a Lipschitz type estimate also holds in the Sp 
norm for p E (1, 00 ) with a constant on the right-hand side that depends on p. 

It turns out, however, that the situation is entirely different if we proceed from Lip¬ 
schitz functions to Holder functions. It was shown in [AP2] that if / belongs to the 
Holder class Aq,(M), 0 < a < 1, i.e., \ f{x) — f{y)\ < const \x — y|", x, y G M, then / is 
necessarily operator Holder of order a, i.e., 

||/(A)-/(H)|| < const ||A-H|r 

for all self-adjoint operators A and B on Hilbert space with bounded A — B. Note that 
in [AP2] sharp results were also obtained for functions in the space A^,, for an arbitrary 
modulus of continuity uj. Similar (slightly weaker) results were obtained independently 
in [FN]. 

It was proved in [APS] that for / G Aq(R), 0 < a < I, p > 1, and for self-adjoint 
operators A and B with A — B G Sp, the operator f{A) — f{B) must be in Spj^ and the 
following inequality holds: 

||/(A) - /(H)|| 5 ,/„ < const ||/||aJ|A - 

Let us also mention that in [APS] more general results for operator ideals were obtained 
as well. 

It turns out that the situation for functions of normal operators or, which is the 
equivalent, for functions of two commuting self-adjoint operators is more complicated and 
requires different techniques. Nevertheless, in [APPS] analogs of the above mentioned 
results were obtained for normal operators and functions on the plane. In particular, it 
was shown in [APPS] that if / belongs to the Besov class B^ i(IK^)) then 

ll/(iVi) - /(iV 2 )ll < const WfWBljN, - N 2 \\ 
for arbitrary normal operators A^i and N 2 . 

However, the methods of [APPS] do not work in the case of functions of more than two 
commuting self-adjoint operators. New methods were found in [NP] to obtain analogs 
of the above results for functions of n-tuples of commuting self-adjoint operators. 

Note also that the Lipschitz type estimate for Lipschitz functions in the norm of 
Sp with 1 < p < 00 was generalized in [KPSS] to n-tuples of commuting self-adjoint 
operators. 

The subject of this paper is estimates of f{Ai,Bi) — f{A 2 ,B 2 ), where {Ai,Bi), and 
(^ 2 ,^ 2 ) are pairs of (not necessarily commuting) self-adjoint operators. Here we consider 
the pair (^ 2 ,^ 2 ) as a perturbation of the pair {Ai,Bi). 

The main tool is estimates of triple operator integrals (see § S and § 5 for a detailed 
discussion of triple operator integrals). To establish a Lipschitz type inequality in trace 

||/(Ai,Bi) - /(A 2 ,B 2 ) 11 si < constmaxllJAi - A 2 IIS 1 , \\Ai - A 2 IIS 1 } 
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for functions in the Besov class we would like to apply the following formula 

/(^1,-Bi) - f{A2,B2) = JJJ d^Ai(a;i)(^i - A 2 ) dEA2{x2) dEsiiy) 


+ 111 {l>^^^f){x,yi,y2)dEA2{x)dEBdyi){Bi-B2)dEB2{y2). (1.2) 


Here the divided differences 3^^^/ and are defined by 


Xi - X2 


and 




drf f{x,yi) - f{x,y 2 ) 

yi -y2 


Triple operator integrals can be defined when we integrate functions in the projective 
tensor product or in the Haagerup tensor product L°° (see 

the definitions in § 3). It turns out the for / G B]^ i(l^^)) the divided differences Ti^]/ 
and do not have to belong to the Haagerup tensor product L°°(8)hL°°(8)hT°° (and 

a fortiori to the projective tensor product L°°0L°°0L°°). This will be proved in § 9. 

To overcome the problem, we introduce in § 5 Haagerup-like tensor products of the 
first kind and of the second kind, define triple operator products for functions in such 
Haagerup like tensor products, and prove in § 6 that that for / G B^ i(I^^)) the divided 
difference 3^]/ belongs to the Haagerup-like tensor product of the first kind, while 
belongs to the Haagerup-like tensor product of the second kind. 

We obtain in § 7 the following Lipschitz type inequality 


||/(Hi,Hi) - f{A 2 ,B 2 )\\sj, < const ||/||s^ ^ max{Pi - A 2 \\sp, Pi - ^ 2 ||sp} (1-3) 

for p £ [1,2]. To prove this inequality, we obtain in § 4 certain Schatten-von Neumann 
estimates for triple operator integrals 



T(xi,X 2 ,X 3 ) dEi{xi)T dE 2 {x 2 )RdE 3 {x 3 ). 


(1.4) 


In particular, we show in § 4 that if T belongs to the Haagerup tensor product 

(8)h (8)h T is a bounded operator and R G Sp with p > 2, then the triple 

operator integral (1.4) belongs to Sp. However, for p < 2 this is not true which will 
be proved in § 9. We also establish in § 4 that if T G (8)h (8)h T°°, T G Sp, 

R G Sq, and l/p-|- 1/q < 1/2, then the triple operator integral (1.4) belongs to Sr, 

where 1/r = l/p-|- l/q. 

In § 8 we show that a Lipschitz type inequality in the norm of Sp with p > 2 does not 
hold. The same is true in the operator norm. 

It turns out, however, that in the operator norm (as well as in the Sp norm for any 
p > 0) there are points of Lipschitzness of the map {A, B) 1 —)■ f{A, B) for / G B^ i(l^^). 
We prove in § 10 that the pairs {al, j3I) with a, /3 G M are points of Lipschitzness. 

We find in § 11 a sufficient condition on a function / under which the Lipschitz type 
inequality in the operator norm (as well as in the norms of Sp with p > 1) holds. 

Finally, in § 12 we obtain similar results for functions of noncommuting unitary oper¬ 
ators. 
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In § 2 we collect necessary information on Besov classes, integration of vector functions 
with respect to spectral measures, double operator integrals, and functions of noncom¬ 
muting operators. 


2. Preliminaries 


In this section we collect necessary information on function spaces, operator ideals, 
and double operator integrals. 

2.1.1. Besov classes of functions on Euclidean spaces and Liftlewood—Paley 
type expansions. The technique of Littlewood-Paley type expansions of functions or 
distributions on Euclidean spaces is a very important tool in Harmonic Analysis. 

Let w be an infinitely differentiable function on M such that 

T 

.21. a.ncl (.s 1 = 1 — in I 

.2. 


tc > 0, supptc C 
We define the functions Wn, n G Z, on M'* by 

kib 


(s) = l-u;(^0 for sG[1,2]. (2.1) 


1/2 


{^Wn)ix)=W 


, n G Z, X = {xi,-■ ■ ,Xd), ||x ||2 = 


where is the Fourier transform defined on by 

(^/) {t) = j dx, X = (xi, • • • , Xd), t = (ti, • • • , td), 




{X,t) 

i=i 


Clearly, 


= 1, tGM‘='\{0}. 


n£7j 


With each tempered distribution / G we associate the sequence {fn}nez, 

fn / * Wn. ( 2 . 2 ) 

The formal series Yln&zfn is a Littlewood-Paley type expansion of /. This series does 
not necessarily converge to /. Note that in this paper we mostly deal with Besov spaces 
Hjb,q(K'^). For functions / in ^^(M'^), 

fix) - f{y) = ^ [fnix) - fniy)), X, y e M"*, 

and the series on the right converges uniformly. 

Initially we define the (homogeneous) Besov class ^ 
the space of all / G such that 
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s > 0, 1 < p, (/ < oo, as 


(2.3) 



and put 


= ||{2”1l/n||Lp}nGz||^9(2)- 

According to this definition, the space contains all polynomials and all poly¬ 
nomials / satisfy the equality ||/||ss = 0. Moreover, the distribution / is determined 

by the sequence {fn}n£Z uniquely up to a polynomial. It is easy to see that the series 
Yln>ofn- converges in However, the series Yln<o diverge in general. It 

can easily be proved that the series 

-C ^ 

^ (2-4) 

n<0 1 ^ j=l 

converges uniformly on for every nonnegative integer r > s — d/p. Note that in the 
case ^ = 1 the series (2.4) converges uniformly, whenever r > s — d/p. 

Now we can define the modified (homogeneous) Besov class ^ (M^). We say that a 
distribution / belongs to if (2.3) holds and 


Qrf 

dxY ■ ■ ■ dx/f 


E 


d^fn 

dx/^ ■ ■ ■ dx/f ’ 


whenever rj > 0, 


for 1 < j < d, 


d 



i=i 


in the space where r is the minimal nonnegative integer such that r > .s — d/p 

(r > s—d/p if (7 = 1). Now the function / is determined uniquely by the sequence {/n}nez 
up to a polynomial of degree less than r, and a polynomial g belongs to H® ^(M'^) if and 
only if deg g < r. 

As we have already mentioned, in this paper we deal with Besov classes i(IK‘^)- 
They can also be defined in the following way: 

Let X be the set of all continuous functions / G L°°(M^) such that |/| <1 and 
supp^/ C G : ll^ll < 1}. Then 

{ C30 OO 

c ^ anCr~^(/n(cJnx) - /(O)) : c G C, /„ G A, cr„ > 0, ^ \an\ < OO 

n=l n=l 



Note that the functions fa, fa{x) = /(frx), x G M^, have the following properties; 
fa G L°°(M‘^) and supp^/ C G : ||^|| < a}. Such functions can be character¬ 

ized by the following Paley-Wiener-Schwartz type theorem (see [R], Theorem 7.23 and 
exercise 15 of Chapter 7); 

Let f be a continuous function on and let M, a > 0. The following statements are 
equivalent: 

(i) I/I < M and supp^/ C G M"* ; ||C||2 < a}; 

(ii) f is a restriction to of an entire function on such that 

\f{z)\ < 


for all z G C'^. 
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Besov classes admit many other descriptions. We give here the definition in terms of 
finite differences. For h G we define the difference operator A/^, 

i^hf){x) = fix + h) - f{x), xGM"*. 

It is easy to see that C for every s > 0 and C for 

every s > d/p. Let s > 0 and let m be the integer such that m — 1 < s < m. The Besov 
space can be defined as the set of functions / G such that 



\h\-<^-^^A//f\\l,dh<oo 


for q < oo 


and 


sup 

h^O 


\h\^ 


< oo 


for q = oo. 


However, with this definition the Besov space can contain polynomials of higher degree 
than in the case of the first definition given above. 

We refer the reader to [Pee] and [Tr] for more detailed information on Besov spaces. 


2.1.2. Besov classes of periodic functions. Studying periodic functions on is 
equivalent to studying functions on the d-dimensional torus T'^. To define Besov spaces 
on T'^, we consider a function w satisfying (2.1) and define the trigonometric polynomials 
IFn, n > 0, by 



C^ n>l, 


Wo(C) = E 

{Jdlill2<i} 


where 

C = (Cl,--- ,Cd) e T"*, j = (ji,... and ||C ||2 = (|CipH- + \Cd\‘^)^^^- 

For a distribution / on we put 


fn = f * Wn, n>0, 

and we say that / belongs the Besov class ^(T'^), s > 0, 1 < p, g < oo, if 

{2"5||/n||Lp}„>oG^''- (2.5) 

Note that locally the Besov space Hp g(R'^) coincides with the Besov space ^ of 
periodic functions on 


2.2. Integration of vector functions with respect to spectral measures. Let 

FI be a spectral measure on a cr-algebra of subsets of fl that takes values in the set of 
orthogonal projections on a Hilbert space It is well known that for a scalar function 
/ in L°°{E) the integral f f dE admits the estimate 


f{u!)dE{uj) 


< 




We would like to be able to integrate J^-valued functions to get vectors in However, 
it is easy to see that unlike the case of scalar functions it is impossible to define an 
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integral of an arbitrary bounded measurable J^-valued function. We consider the pro¬ 
jective tensor product {E)0Jif, which consists of ^-valued functions / that admit a 
representation of the form 

f{u}) = '^iPn{u})Vn, IveQ, ( 2 . 6 ) 

n 

where (pn G L°°{E), Vn G and 

X] (2-7) 

n 


The norm of / in L°°{E)0J^ is defined as the infimum of the left-hand side of (2.7) over 
all representations of the form (2.6). For an ^-valued function / of the form (2.6), we 
put 


{dE{u)f{u:)) ^ 




(Pn{oj) dE{uj) V, 


( 2 . 8 ) 


It follows from (2.7) that the series on the right-hand side of (2.8) converges absolutely 
in the norm of Let us show that the integral is well defined. 


Theorem 2.1. The right-hand side of (2.8) does not depend on the choice of a rep¬ 
resentation of f of the form (2.6). 


Proof. Clearly, it suffices to prove that if 

'^iPn{u})Vn = 0, CJ G n, 


(2.9) 


and (2.7) holds, then 


^ (/ dE{u))^ Vn = 0 . 


Without loss of generality we can assume that the functions ipn are defined everywhere, 
ll^n||L°°(£;) = sup|(/9n| for all n and equality (2.9) holds for all uj in fl. 

Consider first the special case when the range of the vector function (p = {(pn} is finite. 
Let {A(A:) = {Xn{k)} : k = 1,2,..., A^} be the set of values of ip. Then \n{k)vn = 0 


for all k. Put E{u) : p{uj) = A^}. We have to prove that 


N 


EE Xn{k)Pk Un = 0. 


We have 


N 


n=l \fc=l 


N 


N 


EE Xn{k)Pk Vn = E E Xn{k)PkVn] E Xn{k)Vn = 0. 


n=l \fc=l 


fc=l \n=l 


k=l 


Kn=l 


We proceed now to the general case. 



Clearly, we can construct a sequence of vector functions such that the range 

of is a finite subset of the range of p for all j and \pn — Pn^\ < ‘^~^\Wn\\L'^(E) 
everywhere for n = 1,2,... ,j. We have 


OO / C \ *^50 / n 

V>ndE]vn = '^i {pn- pi^^) dE 
n=l J \J 


OO / c X OO / p 

+ Vn = '^ ( {pn- P^^^) dE 

n=l / n=l ^d 


which follows from the special case considered above. Hence, 


f:(f^ndE 

n=l ^d 


£ (/ {<fn-pli^)dE^ 

-Y1 [ dE 

n=l 

OO p 

+ ^ J Wn-P^d^)d 




• Fnlljr 


n=j+l 

j 

2 i 


\Vn\\M’ 


^3 OO 

< 7^''^\Wn\\L'^(E)\\Vn\\.^+ ‘2‘ ^ 


^n\\L°°{E)\\Vn\\M' 


n=l 


n=j+l 


^ OO OO 

< ^ X] ll<^n||L°o(E)||t’n||jr + 2 ^ \\Pn\\L°°(E)\\Vn\\M’ ^ ^ 

n=l n=j-\-l 

as j + 00 . ■ 


2.3. Double operator integrals. In this subsection we give a brief introduction 
to double operator integrals. Double operator integrals appeared in the paper [DK] by 
Daletskii and S.G. Krein. Later the beautiful theory of double operator integrals was 
developed by Birman and Solomyak in [BSl], [BS2], and [BS3], see also their survey 
[BS6]. 

Let {l%l,Ei) and {&',E 2 ) be spaces with spectral measures Ei and E 2 on a Hilbert 
space Jif. The idea of Birman and Solomyak is to define first double operator integrals 

J J ^{x,y)dEi{x)TdE2{y), ( 2 . 10 ) 

for bounded measurable functions and operators T of Hilbert Schmidt class 82 - Con¬ 
sider the spectral measure S whose values are orthogonal projections on the Hilbert 
space 82 , which is defined by 

^(A X A)T = .Ei(A)TE2 (A), T^ 82 , 
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A and A being measurable subsets of ^ and It was shown in [BS5] that S extends 
to a spectral measure oxi ^ y. ^3/. If is a bounded measurable function on ^ x 3/^ we 
dehne the double operator integral (2.10) by 


Clearly, 


If 


^{x,y)dE^{x)TdE^iy) =U I ^dc^\ T. 


^{x,y)dEi {x)T dE 2 {y) 


\X 9 


< ll^>llr,oo||T 


l|S2- 


Si 


J J ^{x,y)dEi{x)TdE 2 {y) G Si 

X 


for every T G we say that <I> is a Schur multiplier of Si associated with the spectral 
measures Ei and £’ 2 - 

In this case the transformer 


J J ^x,y)dE 2 {y)TdEi{x), T G S 2 , (2.11) 

X 

extends by duality to a bounded linear transformer on the space of bounded linear 
operators on Jif and we say that the function 'h on x ^ defined by 

^'(y,x) = ^>(x,y) 

is a Schur multiplier (with respect to £2 ond Ei) of the space of bounded linear opera¬ 
tors. We denote the space of such Schur multipliers by 9Jt(£2,£i). The norm of T in 
iM{E 2 , El) is, by dehnition, the norm of the transformer (2.11) on the space of bounded 
linear operators. 

In [BS3] it was shown that if A and B are self-adjoint operators (not necessarily 
bounded) such that A — £ is bounded and if / is a continuously differentiable function 
on M such that the divided difference Df, 

' ^ X — y 

is a Schur multiplier with respect to the spectral measures of A and B, then 


f{A)-f{B) = jj {T>f){x,y)dEA{x){A-B)dEB{y) 

and 

ll/(^) - /(^)ll < const \\'Sf\\m{EA,EB)\\^ - B\\, 
i.e., / is an operator Lipschitz function. 
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It was established in [Pe2] (see also [Pe3]) that if / belongs to the Besov class ^ (M), 
then the divided difference ID/ G d)l{Ei, E 2 ) for arbitrary Borel spectral Ei and E 2 , and 
so 

||/(A)-/(B)||< const ll/lbi JIA-BII (2.12) 

00,1 

for arbitrary self-adjoint operators A and B. 

There are different characterizations of the space ^{Ei,E 2 ) of Schur multipliers, see 
[Pe2] and [Pi]. In particular, <I> G ‘^{Ei,E 2 ) if and only if belongs to the Haagerup 
tensor product L°°(Ei){E 2 ) of the spaces L°°{Ei) and L°°{E 2 ), i.e., <I> admits a 
representation 

^{x,y) = (2.13) 

j>o 

where 

and e 

For such functions it is easy to verify that 

j j i^{x,y)dEi{x)TdE2{y) = ^ H j T ^jdE2 j (2.14) 

and the series on the right converges in the weak operator topology. 

In this paper we need the following easily verihable sufficient condition: 

If a function on xIV belongs to the projective tensor produet L°°{Ei)®L°°{E 2 ) of 
L°°(Ei) and L°°(E 2 ) (i.e., <I> admits a representation of the form (2.13) whith 
ifj G L°°{Ei), ifj G L°°{E 2 ), and 

j>o 

then G Tl{Ei,E 2 ) and 

ll‘^*ll5m(Ei,£;2) < ^ llv^illL°°IIV’illL°°- (2-15) 

J>0 

For such functions <I>, formula (2.14) holds and the series on the right-hand side of 
(2.14) converges absolutely in the norm. 

2.4. Functions of noncommuting self-adjoint operators. Let A and B be 

self-adjoint operators on Hilbert space and let Ea and be their spectral measures. 
Suppose that / is a function of two variables that is dehned at least on (t{A) x cr{B). As 
we have already mentioned in the introduction, if / is a Schur multiplier with respect to 
the pair {Ea,Eb), we dehne the function f{A,B) of A and B by 

/(A,H)1 ^' jj fix,y)dEAix)dEB{y). (2.16) 

Note that this functional calculus / 1 —)■ f{A,B) is linear, but not multiplicative. 
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If we consider functions of bounded operators, without loss of generality we may deal 
with periodic functions with a sufficiently large period. Clearly, we can rescale the 
problem and assume that our functions are 27r-periodic in each variable. 

If / is a trigonometric polynomial of degree N, we can represent / in the form 

N / N 

fix,y)= ^ 

j=-N \k=-N 

Thus / belongs to the projective tensor product and 



N 

ii/iIl-®l“ < sup 

j=-N y 


N 


k=-N 


< (l + 2iV)||/||i^ 


It follows easily from (2.5) that every periodic function / of Besov class of periodic 
functions belongs to and so the operator f(A,B) is well defined by (2.16). 


3. Triple operator integrals 

Multiple operator integrals were considered by several mathematicians, see [Pa], [Stj. 
However, those definitions required very strong restrictions on the classes of functions 
that can be integrated. In [Pe4] multiple operator integrals were defined for functions 
that belong to the (integral) projective tensor product of L°° spaces. Later in [JTT] 
multiple operator integrals were defined for Haagerup tensor products of spaces. 

In this paper we deal with triple operator integrals. We consider here both approaches 
given in [Pe4] and [JTT]. 

Let El, E 2 , and E 3 be spectral measures on Hilbert space and let T and R be bounded 
linear operators on Hilbert space. Triple operator integrals are expressions of the follow¬ 
ing form: 

j j j ^ixi,X2,X3)dEi{xi)TdE2{x2)RdE3{x3). (3.1) 

Such integrals make sense under certain assumptions on T, T, and R. The function T 
will be called the integrand of the triple operator integral. 

Recall that the projective tensor product L°°{Ei)®L°^{E2)®L°°{E3) can be defined 
as the class of function T of the form 

4'(xi, X 2 , X 3 ) = Y, ^nixi)'lpnix2)Xn{x3) (3.2) 

n 

such that 

X] < OO. (3.3) 

n 

The norm ||'I'||£,oo 0 x,oo 0 ^oo of T is, by definition, the infimum of the left-hand side of 
(3.3) over all representations of the form (3.2). 
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For 'I' G L°°{Ei)®L°°{E 2 )®L°°[E'i) of the form (3.2) the triple operator integral (3.1) 
was defined in [Pe4] by 


4'(xi,X2,X3)d£'i(xi)r dE2ix2)RdE3{x3) 


Q ipndEi'^ T Q i>ndE2^ R (^j XndE^ . (3.4) 


Clearly, (3.3) implies that the series on the right converges absolutely in the norm. The 
right-hand side of (3.4) does not depend on the choice of a representation of the form 
(3.2). Clearly, 


T(xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 )RdE 3 {x 3 ) 


< 11^1 




rii-iii?ii. 


Note that for T G L°°{Ei) 0 L°°{E 2 ) 0 L°°(E^), triple operator integrals have the follow¬ 
ing properties: 


T G I3{J^), R G Sp, 

and 

E G Sp, R G Sq, —I— 
P Q 


1 < p < oo. 


T dEiT dE2RdE3 G Sp 


< 1 fff'i/dEiTdE2RdE3 GiS^, — — —!—. 

JJJ r p q 


(3.5) 

(3.6) 


Let us also mention that multiple operator integrals were defined in [Pe4] for functions 
'h that belong to the so-called integral projective tensor produet of the corresponding L°° 
spaces. We refer the reader to [Pe4] for more detail. 

We proceed now to the approach to multiple operator integrals based on the Haagerup 
tensor product of L°° spaces. We refer the reader to the book [Pi] for detailed 
information about Haagerup tensor products. We define the Haagerup tensor product 
L°^{Ei)®\^L°^{E 2 )®\iL°^{E 3 ) as the space of function T of the form 


T(xi,X2,X3)= Y <^3i^l)ldjk{x2)lk{Xi), 
j,k>0 


(3.7) 


where aj, jdjk, and 7 ^ are measurable functions such that 

£ 7y^^(7^), {f3jk}jx>o ^ {7a:}a:>o £-^^^(7^), (3.8) 

where B is the space of matrices that induce bounded linear operators on 7^ and this 
space is equipped with the operator norm. In other words. 


ll{“i}i>olli,”(£ 2 ) = Lli-esssup 


< 00 , 


\\{ldjk}j,k>o\\L<^{B) = -E'2-esssup||{/3jfc(x2)}yfc>ol|r5 < OO, 
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and 


||{ 7 fc}fc>o||L->(£ 2 ) = ess sup 


< 00 . 

\k>0 J 


By the sum on the right-hand of (3.7) we mean 


N M 

lim EE ajixi)f3jk{x2hkix3)- 
’ j=0 k=0 


Clearly, the limit exists. 

Throughout the paper by we mean limA^^Ar-^-oo Ef=oEf=o- 

The norm of T in L°°(8)hT°°(8)hT°° is, by definition, the infimum of 

ll{“i}i>o||L°°(£2)||{/3jA:}j,fc>olll,”(B)l|{7A:}fc>ollL°°(£2) 

over all representations of T of the form (3.7). 

It is well known that C L°°(8)hT°°(8)hT°°. Indeed, suppose that T is 

given by (3.2) and (3.3) holds. Without loss of generality we may assume 

Cn ||<^n||L°°||V’n||L°°||Xn||L°° ^ 0 for every n. 

We define a^, and jk by 


«i(a;i) = II Tj{xi), lk{x3) = II ^ Xj{x3) 


and 


I3jk{x2) = 


V’j(x2)||V’illL-> j = k 
0 , j / k. 


Clearly, (3.7) holds. 


/ \V2 . y/2 

o:j}\\L--{P) < \^Cj j < OO, ||{7fc}||L-(£2) < <oo 


and 

II {/5jfc(2^2)}j,fc>0 llg E 1- 

In [JTT] multiple operator integrals were defined for functions in the Haagerup tensor 
product of L°° spaces. Let T G L°°(8)hL°°<8)hL°° and suppose that (3.7) and (3.8) hold. 
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The triple operator integral (3.1) is defined by 


T(xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 )RdE 3 {x 3 ) 




For completeness, we give a proof of the following facts; 

Theorem 3.1. (i) The series in (3.9) converges in the weak operator topology; 
(ii) the sum of the series does not depend on the choice of a representation (3.7); 
(hi) the following inequality holds: 


T(xi,X 2 ,X 3 ) dEi{xi)T dE 2 {x 2 )RdE^{xz) 


< ll^ll ■ ll-^ll- (3T0) 


Proof. Consider the spectral measure E 2 . It is defined on a ci-algebra S of subsets 
of .^ 2 - We can represent our Hilbert space as the direct integral 




= J Mx) 

Xi 


(3.11) 


associated with E 2 . Here ^ is a finite measure on x 1 —?• i^(x), is a measurable Hilbert 

family. The Hilbert space consists of measurable functions / such that f{x) G i#(x), 
X G i^2-, and 


11 / 11 .^ = 



< 00 . 


Finally, for A G S, E{A) is multiplication by the characteristic function of A. We refer 
the reader to [BS4], Ch. 7 for an introduction to direct integrals of Hilbert spaces. 

Let us show that the series on the right of (3.9) converges in the weak operator 
topology. Let / and g be vectors in Put 


def jj 

Uk = R 


Ik dEs f 


and 




g- 


(3.12) 


We consider the vectors Vj and Uk as elements of the direct integral (3.11), i.e., vector 
functions on 
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We have 


^ Q ajdEi'^ T Q (5,kdE^ R Q -fudE^ f,g 


E ((I Uk,' 

j,k>0 


E / {/djkix)uk{x),Vj{x))^,.dfi{x] 


j,k>0 


% 


< J \\{l3jk{x)}j,k>o\\B ■ \\{uk{x)}k>o\\e 2 ■ \\{vj{x)}j>o\\i 2 dn{x) 

< ||{/3ifc}i,fc>ollL-(B) [ J 1 ( / {'^\^ji^)\‘^)ddi3 

\^2 / V^2 

/ \ 1/2 / \ 1/2 

= \\{Pjk}j,k>o\\L°°{B) I E I { E 

\fc>0 / \i>0 

Keeping (3.12) in mind, we see that the last expression is equal to 


1/2 


'jk}j,k>o\\L°°{B) E 


, fc >0 


R[ / lkdEs]f 


1/2 / 

/ \i>o 


T* / oTd^i 9 


.3^ 


< ll{/3lfckfc>ollLoc(^)ll^ll-11^11 (E ( / 

\A:>0 ^ 


1 / 2 / 


1/2 


1/2 


E 

,/>o 


a,- dEi g 


By properties of integrals with respect to spectral measures, 

2 

IkdE^i ) /| 

I / I 

, fc >0 


E 

A:>0 

Similarly, 


I [EI^^I'I (dEsfJ)] <||{7fc}fc>0 


2 11 f \\2 

>0|lLoo(/2)| 


E 

j>o 

This implies that 


Uj dEi g 


J fEl“/n (.dEig,g)j < ||{ai}i>o|lioo(/.2)Hfi-f• 


I \ 

^ l^j dEi'^ tI^I PjkdE^ rI^I jkdEs^ f,g 


< \\{fdjk}j,k>o\\L<^{B) ■ l|{«i}A:>o||L°°(<;2) • ||{7A:}fc>0 ||l”(£2) ||/|| • 


16 



It follows that the series (3.9) converges in the weak operator topology and inequality 
(3.10) holds. 

Let us show for completeness that sum (3.9) does not depend on the choice of a 
representation (3.7). Suppose that (3.8) holds and 


Oij{xi)j3jk{x-2)^k{x3) = 0 for almost all xi, X 2 , and xz- 

iL>o 

We have to show that 



Without loss of generality, we may assume that 


(3.13) 


sup ||{aj(xi)}j>o ||£2 < oo, sup ||{ 7 fc(a; 3 )}fc>oll £2 < oo, 

X\ xz 


and 

sup ||{/ 3 jfc(x 2 )}j,fc>o||B < oo. 

Put 


Xj{x 2 ,Xz) '^(ijk{x2)lk{xz) (3.14) 

k>0 

Clearly, the series on the right of (3.14) converges absolutely and uniformly in X 2 and X 3 
and 

sup ||{>rj-(x2,X3)}j>o||£2 < 00 . 

X2,XZ 

We integrate now the identity 


'^aj{xi)xj{x2,xz) = 0 

i>o 

with respect to the spectral measure Ez and get 



y^aj(xi) / >ij{x2,xz)dEz{xz) 
i>o 

y^a,(xi) / Pjk{x2)lk{xz) dEzixz) 

j>0 k>0 

^ajixi)Y^ I3jk{x2) / 'Jkixz) dEz{xz) = 0. 

j>0 k>0 
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Let ii be a unit vector in our Hilbert space ^. We have 


Putting 


we find that 


R Pjkix 2 ) / -/kixs) clEsixs) u 

\j>0 k>0 / 

= ^(^jixi)'^Pjkix2)R i / Ikixs) dEz{xz) j u = 0. 
i>o fc>o ^ 

Vk R(^j Jkixs) dEsixs)^ u, 

Ibfcll < ll^ll • \hk\\L--iE3) 

/djk{x2)vk = 0 for almost all xi and X2- 


0Jk{xi,X2) = y^^aj{xi)/3jk{x2)vk- 
j>o 

It is easy to see that 

sup ||wfc(xi,X2)|| < oo and cjfc(a;i,2^2) = 0 almost everywhere. 

A:>0 A:>0 

Clearly, for each xi, the function X2 e-)- ujk{x2) belongs to the projective tensor product 
L°°{E2)®J^, we can integrate the vector-valued function ujk with respect to the spectral 
measure E2 (see subsection 2 . 4 ) and obtain 

0 = / (dE2{x2)uJk{xi,X2)) 


^aj{xi) \dE2{x2)'^l3jk{x2)vk\ 
j>0 \ A:>0 / 

^aj(xi)^ / / 3 jk{x 2 ) dE2{x2) I Vk for almost all xi. 


T J^a,(xi)^( / /3jk{x2) dE 2 {x 2 )j Vk 

' j>0 k>0 ^ 


^aj(xi)r / I dE2{x2)('^f3jkix2)]vk =0 
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Consider the vectors Wj defined by 



It is easy to see that 


Integrating the equality 


< oo. 

j >0 

aj{xi)wj = 0 

j>o 


with respect to the spectral measure Ei, we obtain 


aj{xi) dEi{xi) ) w 


j>o 

= (^j aj{xi)dEi{xi)^ T (3jk{x2) dE 2 {x 2 )^ R (^j jkixs) dE^ixs)^ u 


which proves (3.13). ■ 

Note that if 'h belongs to the projective tensor product L°°{Ei)<§L°°{E 2 ) 0 L°°{E 3 ), 
then the two dehnitions given above lead to the same result. 

It turns out, however, that unlike in the case when the integrand belongs to the 
projective tensor product , triple operator integrals with integrands in the 

Haagerup tensor product do not possess property (3.5) with p < 2; this 

will be established in § 9. As for property (3.6), we will show in § 4 that for integrands 
in property (3.6) holds under the assumption l/p + 1/q < 1/2. We do 

not know whether (3.6) can hold if 1/p + 1/g > 1/2. 


4. Schatten—von Neumann properties of triple operator integrals 


In this section we study Schatten~von Nemann properties of triple operator integrals 
with integrands in the Haagerup tensor product L°°(8)hA°°(8)hL°°. First, we consider the 
case when one of the operators is bounded and the other one belongs to the Hilbert- 
Schmidt class. Then we use an interpolation theorem for bilinear operators to a consid¬ 
erably more general situation. 


Theorem 4.1. Let Ei, E 2 , and E 3 be spectral measures on Hilbert space and let be 
a function in the Haagerup tensor product L°°{Ei)®\iL°°{E 2 )®\iL°°{E-i). Suppose that 
T is a bounded linear operator and R is an operator that belongs to the Hilbert-Schmidt 
class 82 - Then 


W 


'i{xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 )RdE 3 {x 3 ) G 82 (4.1) 
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and 


(4.2) 


||M^||s 2 < ll^ll ■ Il-^lls2- 

It is easy to see that Theorem 4.1 implies the following fact: 

Corollary 4 . 2 . Let Ei, E2, E^, and T satisfy the hypotheses of Theorem 4 . 1 . If T 
is a Hilbert Schmidt operator and R is a bounded linear operator, then the operator W 
defined by ( 4 . 1 ) belongs to S2 and 

||ll^||s2 < Il^lls2 ll-R||- 

Clearly, to deduce Corollary 4.2 from Theorem 4.1, it suffices to consider the adjoint 
operator W*. 

Proof of Theorem 4 . 1 . Consider first the case when E3 is a discrete spectral mea¬ 
sure. In other words, there exists an orthonormal basis {em}m>o, the spectral measure 
E 3 is defined on the fi-algebra of all subsets of and E-i{{m}) is the orthogonal pro¬ 
jection onto the one-dimensional space spanned by Cm- In this case the function T has 
the form 

4 '(xi,X 2 ,m) = ^ cxj{xi)l3jk{x2)lk{'m), xi G JTi, X2 G ^2, rn G Z+, 



j,/c>0 

where 


and 

sup ^ hk{m)\^ < oo. 

Then 

W= '^^{xi,X2,m)dEi{xi)TdE2{x2)R{-,em)em 

m>0 

We have 

l|M^lll2 = E W^^rnf = E WZmRemf, 


m>0 m>0 

where 

[['I>{xi,X2,m)dEi{xi)TdE2ix2) 


^rn{xi,X2,m) dEi{xi)T dE2{x2)I dS'rr. 


Here S'm is the spectral measure defined on the one point set {m} and the function 
is defined on x ^2 x {m.} by 

'I'm(a:i,X2,m) ='I'(xi,X2,m), xi G ,^1, X 2 G ^" 2 . 

It is easy to see that 

\\'^m\\L°°{Ei)<S>hL°°iE2)iS>hL°°i<S'm) — \\'^\\L°°(Ei)iS>hL°°iE2)<SihL°°iE3)^ m > 0. 
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It follows now from (3.10) that 


and by (4.3), we obtain 

\\Wemf <Y,\\Zmf\\Ren^f 


m >0 


n >0 


< ll^-l 




\Tf Y. 11 ^"- 


m >0 
|2 II dI|2 


It follows that W £ S 2 and inequality (4.2) holds. 

Consider now the general case. For > 1, we define the function 'I'jjy] by 

N N 

^[iV] = EE aj(xi)/3jfe(x2)7fc(x3). 

jr=0 A:=0 

Since the series on the right-hand side of (3.9) converges weakly, it suffices to prove that 
the operators 

Wn jjj 4 '[jv](xi,X 2 ,X 3 ) dEi{xi)TdE2{x2)RdE2,{x2,) 

belong to 52 and 


because, obviously. 


\\Wn\\s 2 < ll^[Ar]l|L°°®hL°°®hi”ll^ll • \\R\\s 2 




In other words, in the representation of 4' in the form (3.7) we may assume that the sum 
is finite. We have 


IF = ^ (/ a,- dEi^ tQ (5jk dE^ R Q 7 ^ dE^ 


We can approximate the functions 7 ^ by sequences 7 ^” such that each function 7 ^"' 
takes at most countably many values, 


and 


^ hk{x)\, X£^3, 


Consider the operator 

= Y(^j ^ (/ dE^ rI^I 7f' dE^ . 


j,k 
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Clearly, in the above representation of ^ we can replace the spectral measure with 

\n] 

a discrete spectral measure whose atoms are the sets on which the functions 7 ^ are 
constant. 

Since we have already proved the desired result in the case when is a discrete 
spectral measure, we can conclude that & S 2 and 

ll^ll ■ ll-^lls'2- 

To complete the proof, it suffices to observe that 

J.i^ J 7^' dEs = j Ik dEs 

in the operator norm. ■ 

We are going to use Theorem 4.4.1 from [BL] on complex interpolation of bilinear 
operators. Recall that the Schatten-von Neumann classes Sp, p > 1, and the space of 
bounded linear operators form a complex interpolation scale: 

{Sul3{J^))[e]=S^, 0<9<1. (4.4) 

This fact is well known. For example, it follows from Theorem 13.1 of Chapter III of 
[GK]. 

Theorem 4.3. Let 'k G Then the following holds: 

(i) if P >‘2', T G and R G Sp, then the triple operator integral in (4.1) belongs 

to Sp and 

< ll'l'llL°°0hi°°(X'hi°°ll^ll ■ ll-^llsp; (4.5) 

(ii) if p > 2, T G Sp, and R G then the triple operator integral in (4.1) belongs 

to Sp and 

||4C||sp < ll'l^llL°°®h£'”(8)iT”ll^llspl|.R||; 

(hi) iflfp-G 1/q < 1/2, T G Sp, and R G Sg, then the triple operator integral in (4.1) 
belongs to Sr with 1 /r = 1 /p + 1/q and 

||4C||s, < l|4'||Loo®hioo®i,Loo||T||sj,||R||5^. 

We will prove in § 9 that neither (i) nor (ii) holds for p <2. 

Proof of Theorem 4.3. Let us first prove (i). Clearly, to deduce (ii) from (i), it 
suffices to consider W*. 

Consider the bilinear operator W defined by 

W{T,R) = j jI ^{xi,X2,X3) dEi{xi)T dE2{x2)RdE3{x3). 

By (3.10), maps x B{Jif) into B{Jif) and 

||ir(r,R)||<||T||.||R||. 
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On the other hand, by Theorem 4.1, W maps B{J^) x S 2 into S 2 and 

||^(r,i?)||5, <||r||.||ii||s,. 

It follows from the complex interpolation theorem for linear operators (see [BL], Theorem 
4.1.2 that) W maps x Sp, p > 2 , into Sp and 

||ir(r,i?)||5, <||T||.||ii||s,. 

Suppose now that 1/p+l/q < 1/2 and 1/r = l/p + l/q. It follows from statements (i) 
and (ii) (which we have already proved) that W maps B{Jif) x Sr into Sr and Sr xB{Jif) 
into Sr, and 

\\W{T,R)\\sr<\\T\\-\\R\\sr and ||ir(r,ii)||5. < ||T||s. • ||i?||. 

It follows from Theorem 4.4.1 of [BL] on interpolation of bilinear operators, W maps 
{B{Jif), Sr)[ 0 ] X {Sr,B{Jif ))[g] into Sr and 

\\'^{T,R)\\Sr < \\T\\(13{je),Sr)[e]\\^\\iSr,B{j^))[gy 

It remains to observe that for 9 = r/p, 

{B{.J^),Sr\e] = Sp and {Sr,B{J^)\e] = Sq, 
which is a consequence of (4.4). ■ 

5. Haagerup-like tensor products and triple operator integrals 

We are going to obtain Lipschitz type estimates in the norm of Sp, 1 < p < 2, for 
functions of noncommuting self-adjoint operators in § 7. As we have mentioned in the 
introduction, we are going to use a representation of f{Ai,Bi) — f{A 2 ,B 2 ) in terms of 
triple operator integrals that involve the divided differences and However, 

we will see in § 9 that the divided differences and do not have to belong to 

the Haagerup tensor product L°° for an arbitrary function / in the Besov 

class In addition to this, representation (1.2) involve operators of class Sp 

with p < 2. However, we will see in § 9 that statements (i) and (ii) of Theorem 4.3 do 
not hold for p <2. 

To overcome these problems, we offer a new approach to triple operator integrals. 
In this section we introduce Haagerup-like tensor products and define triple operator 
integrals whose integrands belong to such Haagerup-like tensor products. 

Definition 1. A function T is said to belong to the Haagerup-like tensor product 
L°°{Ei)®\iL°°{E 2 )®^L°°{E^) of the first kind if it admits a representation 

T(xi,X 2,X3) = ^ aj(xi)/3fc(x2)7jfc(a;3), xj £ (5.1) 

j,fc>0 

with {aj}j>o, {l3k}k>o G and {'yjk}j,k>o G L°°{B). As usual, 

the infimum being taken over all representations of the form (5.1). 
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Let us now define triple operator integrals whose integrand belong to the tensor prod¬ 
uct L°°(^i)( 8 )hL°°(S 2 )( 8 )^L°°(^ 3 ). 

Let 1 < p < 2. For 'h G L°°(Si)( 8 )hL°°(£' 2 )( 8 >^-L°°(£' 3 ), for a bounded linear operator 
R, and for ans operator T of class Sp, we define the triple operator integral 


W = 


^(xi,X 2 ,X 3 ) dEi(xi)TdE 2 (x 2 )RdE 3 (x 3 ) 


(5.2) 


as the following continuous linear functional on Sp/, 1 /p -f 1 /p^ = 1 (on the class of 
compact operators in the case p = 1 ): 


Q I—)■ trace 


^(xi,X 2 ,X 3 ) dE 2 (x 2 )RdE 3 (x 3 )Q dEi(xi) 



(5.3) 


Clearly, the triple operator integral in (5.3) is well dehned because the function 

(x2,X3,Xi) ^(xi,X2,X3) 

belongs to the Haagerup tensor product L°°(£' 2 )( 8 )hL°°(S 3 )( 8 )hL°°(£'i). It follows easily 
from statement (i) of Theorem 4.3 that 

||IL||sp < ll'^'lli,°°(g)hL°°(g)‘*i/°°ll^llsp||.R||) 1 < P < 2, 

(see Theorem 5.1). 

It is easy to see that in the case when T belongs to the projective tensor product 
L°°{Ei) 0 L°°{E 2 ) 0 L°°{E 3 ), the definition of the triple operator integral given above is 
consistent with the definition of the triple operator integral given in (3.4). Indeed, it 
suffices to verify this for functions T of the form 

T(xi,X 2,X3) = (p(xi)V'(x2)y(x3), ipeL°^{Ei), -ip e L°°{E2), x^L°°{E3), 

in which case the verification is obvious. 

We also need trace class triple operator integrals in the case when T is a bounded 
linear operator and R G Sp, 1 < p < 2. 

Definition 2. A function is said to belong to the Haagerup-like tensor product 
L°°{Ei)^^L°°{E 2 )®h.L°°{E 3 ) of the second kind i/T admits a representation 

T(xi,X2,X3)= ajk{xi)l3j{x2)xk{x3) (5.4) 

j,fc>0 

where {/ 3 j}j> 0 ) { 7 A:}a:>o £ {oijk]j,k>o £ L°°{B). The norm 0 /T in the space 

'S>hL°° is defined by 

~ IK'^i}i>o|lLoo(£ 2 ) ||{/3fc}fc>o||ioo(£2) ||{7iA:}i,fc>o||^oo(0p 

the infimum being taken over all representations of the form (5.4). 

Suppose now that T G L°°{Ei) 0 ^L°°{E 2 ) 0 hL°°{E 3 ), T is a bounded linear operator, 
and R £ Sp, 1 < p < 2. The continuous linear functional 

T(xi,X 2 ,X 3 ) dE 3 {x 3 )Q dEi{xi)T dE 2 {x 2 )] R 
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on the class Sp/ (on the of compact operators in the case p = 1) determines an operator 
W of class Sp, which we call the triple operator integral 

W = jJJ '^{xi,X2,X3)dEi{xi)TdE2{x2)RdE3{x3). (5.5) 

Moreover, 

< ll'^^llL°°(g)hLoo(g)j,Loo ll^ll • ||.R||Sp- 

As above, in the case when 'I' G L°°{Ei)®L°°{E 2 )®L°°{E 3 ), the definition of the 
triple operator integral given above is consistent with the definition of the triple operator 
integral given in (3.4). 

We deduce from Theorem 4.3 the following Schatten-von Nemann properties of the 
triple operator integrals introduced above. 

Theorem 5.1. Let T G (8)h . Suppose that T ^ Sp and R G Sq, 

where I < p < 2 and 1/p + 1/q < 1. Then the operator W in (5.2) belongs to Sr, 
1/r = 1/p + 1/q, and 

||bT||Sr — ll^llsp ||.R||s5- (5-6) 

IfT^ Sp, 1 < p <2, and R is a bounded linear operator, then W ^ Sp and 

||bb||Sp < ll^l|Sp||.R||- (5-7) 

Proof. Let be the function defined by 

^{x2,X3,Xi) = T(xi,X2,X3). 

Consider the case when R ^ Sq, q > 1. Clearly, the norm of W if Sr is the norm of 
the linear functional (5.3) on Sr' (on the class of compact operators if r = 1). We have 


trace 


dE2RdE3Q dEi T 


< rii^ 


T dE2 R dE3 Q dE\ 


(in the case when p = 1 we have to replace the norm in Sp/ on the right-hand side of the 
inequality with the operator norm). By Theorem 4.3, 


T dE2 R dE3 Q dE\ 


^{x2,X3,Xi) dE2{x2)RdE3{x2)Q dEi{xi) 




which implies (5.6). Again, if p = 1 the norm in Sp/ has to be replaced with the operator 
norm. 

The proof of (5.7) is the same. ■ 

In the same way we can prove the following theorem: 

Theorem 5.2. Let T G L°° L°^ ®\,L°°. Suppose that p > 1, 1 < q < 2, and 
1/p + 1/q < 1. If T G Sp, R G Sq, then the operator W in (5.5) belongs to Sr, 
1/r = 1/p + 1/q, and 



IfT is a bounded linear operator and R G Sp, I < p < 2 , then W G Sp and 




6. When do the divided differences 2) and 
belong to Haagernp-like tensor prodncts? 


As we have already mentioned before, for functions / in the divided differ¬ 
ences and 


Xi - X2 


yi -y2 


do not have to belong to the Haagerup tensor product L°° (8)h (8)h . This will be 

prove in § 9 . 

In this section we show that for / G the divided difference belongs 

to the tensor product L°°(£'i)(g)hL°°(iii2)®^T°°(£i3), while the divided difference 
belongs to the tensor product L°°L°°{E2)®\iL°°{E^) for arbitrary Borel spectral 
measures -Ei, E2, and E^ on M. 

This will allow us to prove in the next section that if (Ai,i?i) and (^2,-62) are pairs 
of self-adjoint operators on Hilbert space, (^2,-62) is an Sp perturbation of (Ai,Hi), 
1 < p < 2 , and / G B^^ then the following integral formula holds: 


/(Ai,Hi)-/(A2 ,H2)= JJj 


fixi,y) - f{x2,y) 


Xi - X2 


dEAi{xi){Ai - A 2 ) dEA2{x2) dEs^iy), 


fix,yi) - f{x,y2) 


yi - 2/2 


dEA 2 {x) dEBi{yi){Bi - B2) dE32(^2)■ 


The following theorem contains a formula that is crucial for our estimates. 

Theorem 6.1. Let f be a bounded function on whose Fourier transform is sup¬ 
ported in the ball G : ||^|| < 1 }. Then 


f{xi,y) - f{x 2 ,y) 


sin(xi - jvr) sin(x2 - kn) f^jn, y) - fikn, y) 


Xi - X 2 


xi - JTT 


X2 — klT 


Jtt — kiT 


where for j = k, we assume that 

f{jT^,y) - f{kTT,y) ^ df{x,y) 

j-K-klT dx {j7T,y)' 

Moreover, 


sin^(xi — jtt) 
(xi - jTr f 


sin^(x2 — kTr) 
{x 2 - knY 


= 1 , xi X 2 G M, 
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and 


sup 

yeR 


- f{k'n-,y) 

jir — kn 




< const 


(6.3) 


To prove the theorem, we are going to use the construction in the proof of Theorem 
6.1 of [APPS]. 

Proof. Given y G R, we consider the function fy on R defined by fy{x) = f{x,y). 
Clearly, fy is a bounded function whose Fourier transform is supported in [—1.1]. We 
apply Theorem 6.1 of [APPS] for fy. By formula (6.4) of [APPS], we have 


fyixi) - fy{x2) 


E 


fyixi) - fy{kTT) sin(x 2 — kn) 


X\ — Xo ^— klT 

^ ^ kGZ ^ 

Moreover, by inequality (6.6) of [APPS], 

\fy{xi) - fy{k7r)\^ 


X 2 — kn 


(6.4) 


IJyVxi) - jy{nii)\ ^., 11 ^ 1,2 

^ (xi - kTry 


It is well known (see, e.g., [Ti], 3.3.2, Example IV) that 

sin^(x — nvr) 


E 


{x — 


= I, 


X G 


and so (6.2) holds. 

It follows that the series on the right-hand side of (6.4) converges pointwise. Note 
that on the right-hand side of (6.4) in the case xi = /cvr, we assume that 

fyixi) — fy(k7r) 

^ ’ = f'y{kTT). 


xi — kir 

Applying formula (6.4) of [APPS] for the second time, we obtain 
fy{xi) - fy{k7r) _ fyiJT^) - fyik-rr) sin(xi - jir) 


xi — /cvr ~ kTT 

Again, in the case j = k we assume that 


E 


Xl -JTT 


(6.5) 


fyiJTr) - fy{kTr)_ _ , df{x,y) 


JTT — kn ^ dx 

Clearly, (6.1) is a consequence of (6.4) and (6.5). 

Let us estimate the operator norm of the matrix 

7(j7r,y) - f{k7r,y) 




jir — kn 




We represent this matrix as the sum of the matrices Cy = {cjk{y)}j,kez and Dy = 
{djk{y)}j,ke^, where 

( f{jTr,y)-f(kTT,y) j fz k 


Cjk{y) = 


0 , 


jn—kir 
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j = k 



and 


j^k 
j = k. 


_ r 0, 

djk{y) \ df{x,y) 

V {jTr,y) ’ 

To estimate the operator norm of Cy, we observe that Cy is the commutator of the 
discrete Hilbert transform and a multiplication operator on Recall that the 
discrete Hilbert transform on the two-sided sequence space is the operator with 
matrix defined by 


0, j = k 


It is well known that kLd is a bounded linear operator on Indeed, hjk = ipij — k), 

where cj) is the bounded function on the unit circle T defined by 

= i(7r — t), 0 < t < 27r, 

(see, e.g., [Pe5], Ch. I, § 1). It follows that ?{d is bounded because if we identify the 
two-sided sequence space with the space L^(T) via the unitary map 

{Cn}n€Z ' ^ ^ ^ ■> 

nGZ 

the operator kid becomes the operator of multiplication on T^(T), and so it is bounded 
and ll^dll = 

It is easy to see that the matrix of vrCy coincides with the matrix of the commutator 
Mfykid — kidMfy of the discrete Hilbert transform and the multiplication operator Mf^ 
whose matrix is diagonal with diagonal entries {/(jvr, Clearly, 

WfyW = sup|/(i7r,y)| < ||/||loo(r 2 ). 
jez 

Thus 

\\Cy\\ = IWMfyUd-UdMfyW < 2\\Mfy\\ • llil^dll < 2||/||i.o(R2). 

On the other hand, 

< II/IIl“(r2) 

by Bernstein’s inequality. This completes the proof of (6.3). ■ 

Remark. It is easy to see from the proof of Theorem 6.1 that one can replace the 
condition supp^f C G : ||.^|| < 1} with the condition supp^f C [—1, 1] x M. 

Corollary 6.2. Let f be a bounded function on such that its Fourier transform is 
supported in {.^ G : ||.^|| < u}, cj > 0. Then the divided differences and 

have the following properties: 

dW/ G and g L°^{Ei)®'^L°^{E 2 )®^,L^{E^) 
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\Dy\\ = sup 


df{x,y) 

dx 



for arbitrary Borel spectral measures Ei, E 2 and E^. Moreover, 

< const cj 11 /||ioo(jj 2 ) (6.6) 

and 

- consta||/||i»(K 2 ). (6.7) 

Proof. Inequality (6.6) in the case cj = 1 is an immediate consequence of Theorem 
6.1. It is easy to see that by rescaling the function /, we obtain inequality (6.6) for an 
arbitrary positive number a. Inequality (6.7) can be deduced from inequality (6.6) by 
applying (6.7) to the function g defined by 

g{xi,X2,y) = f{y,xi,X2). ■ 

Theorem 6.3. Let f G i(l^^)- Then 

dW/ G L°°(.Ei)( 8 )hL°°(E 2 )( 8 )‘^L°°(E 3 ) and g L°^{Ei)^^L°°{E 2 )^i,L°°{E 3 ) 

for arbitrary Borel spectral measures Ei, E 2 and E^. Moreover, 

and 

< const u||/||b^^^. 

Proof. Let fn = f*Wn, n G 7, (see Subsection 2.1.1). Then /„ satisfies the hypotheses 
of Corollary 6.2 with a = 2”+^. By Corollary 6.2, we have 


dW/| 






n£7j 


< 






L°°01iL°°0h£,oo n€Z 


< const^2”+^||/„||ioo < const ll/ll^^ 

tiGTa 

The proof of the result for is the same. ■ 


7. Lipschitz type estimates in the case 1 < p < 2 

In this section we prove that for functions / in the Besov class i(I^^)) we have 
a Lipschitz type estimate for functions of noncommuting self-adjoint operators in the 
norm of Sp with p G [1,2]. To this end, we first prove the integral formula given in the 
introduction. 

Theorem 7.1. Let f G ^^(M^) and I <p <2. Suppose that {Ai,Bi) and {A 2 ,B 2 ) 
are pairs of self-adjoint operators such that A 2 — Ai G Sp and B2 — Bi G Sp. Then the 
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following identity holds: 

f{AuBi)-f{A2,B2) 

f{xi,y)-f{x2,y) ^Ea,{xi){A^ - ^ 2 ) dEA,{x2) dEeM, 

Xi - X2 

^fff f{x,yi) - f{x,y 2 ) dEBAyi){Bi - B 2 )dEB,{y 2 ). (7.1) 

JJJ yi-y2 

Note that by Theorem 6.3, the divided differences and belong to the 

corresponding Haagerup like tensor products, and so the triple operator integrals on the 
right make sense. 

Proof. It suffices to prove that 

f{AuBi)-f{A2,Bi) 



(DW/)(xi,X2,2/)d.EAi(xi)(^i - A 2 ) dEA2ix2) dEsiiy) (7.2) 


and 


fiA2,B^)-fiA2,B2) 


= 'll {^^^^f){x,y,,y2)dEA,{x)dEB,{yi){B,-B2)dEB,{y2). (7.3) 


Let us establish (7.2). Formula (7.3) can be proved in exactly the same way. 

Suppose first that the function belongs to the projective tensor product 

L°°{Eai)0L^{Ea2)^L^{Ebi)- In this case we can write 


II {^^^^f){xi,X2,y)dEA:^{xi){Ai- 


A 2 ) dEA2{x2) dEBiiy) 


/)(xi, X2,y) dEAi (xi)yli dEA2{X2) dEB^ (y) 

(D/) (xi, X2, y) dEAi (xi)^2 dEA2 {X2) dEB^ (y ). 

Note that the above equality does not make sense if 01^1/ does not belong to L°°0L°°0L°° 
because the operators Ai and yl 2 do not have to be compact, while the definition of triple 
operator integrals with integrands in the Haagerup-like tensor product L°°(8)hL°°(8)’^L°° 
assumes that the operators Ai and yl 2 belong to S 2 . 

It follows immediately from the definition of triple operator integrals with integrands 
in L°°(8)L°°(8)L°° that 

IIj {^^^^f){xi,X2,y) dEAi{xi)Ai dEA2{x2) dEB^{y) 



xi {xi,X2,y) dEAi (xi) dEA 2 (X2) dEB^ (y) 
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and 


(D[^]/) (xi, X2,2/) (IEai {xi)A 2 dEA2 {X2) dEs^ {y) 


Thus 


a;2(S^^'/)(xi,X2,y) (xi) dEA2{x2) dEs^ (y). 


(d[^]/) (xi, X2,2/) dEAi {xi)Ai dEA2{X2) dEs^ (y) 


(xi, X2,2/) dEAi {xi)A 2 dEA2{X2) dEs^ (y) 


J (xi - X2) 


f{xi,y) - f{x2,y) 


Xi - X 2 

/(xi, 2/) (a^i) dEA2{x2) dEs^ (y) 


dEAi (xi) dEA2 ix2) dEs^ {y) 


f{x2,y) dEAiixi) dEA2{x2) dEs^iy) = f{Ai,Bi) - f{A2,Bi). 


As in the proof of Theorem 6.3, we consider the functions fn defined hy fn = f * Wn, 
n G Z. It is easy to see from the definition and properties of the Besov class B^ 
that to prove (7.2), it suffices to show that 

fn{A,,B^) - UA2,B^) 

( 2 ) /n) (xi, X2, y) dEAi (xi) (Ai - A2) dEA2 {x2 ) dEs^ (y ). 



As we have mentioned in Subsection 2.1.1, /n is a restriction of an entire function of two 
variables to MxM. Thus it suffices to establish formula (7.2) in the case when / is an entire 
function. To complete the proof, we show that for entire functions / the divided differ¬ 
ences 2)1^]/ must belong to the projective tensor product L°°{Eai)^L°°{Ea 2 )'^L°°{Ebi)- 

00 00 

Let f{x,y) = E ( E o-mnX^y'^) be an entire function and let i? be a positive number 

n=0 m=0 

such that the spectra ct(Ai), cj(A 2 ), and cr{B) are contained in [—77/2,77/2]. Clearly, 

OD C30 

II/IIl-®L°° \amn\R^^"^) < 00 

n=0 m=0 
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and 




^ 000 ^ 000^00 


OD / OO m—1 

E E(E 


n=0 \ m=l J=0 




m-l-j 

2 



L°0(g)L°°(g)L°° 


< 





m+n—1 


n=0 \m=l 


< + 00 , 


where in the above expressions means L°°[—R,R]. This completes the proof. ■ 

Theorem 7.2. Let p G [1,2]. Then there is a positive number C such that 

||/(yli,i?i)-/(A2,i?2)|| <C||/b^^^max{Pi-yl2||s„||ili-i32||5j, (7.4) 

whenever f G , and Ai, yl 2 , Bi, and B 2 are self-adjoint operators sueh that 

A 2 — Ai ^ Sp and B 2 — Bi £ Sp. 

Proof. This is an immediate consequence of Theorem 7.1 and Theorems 5.1 and 5.2. 


Remark 1. We have defined functions f{A,B) for / in B^^ only for bounded 

self-adjoint operators A and B. However, formula (7.1) allows us to define the difference 
/(Hi, Hi) — f{A 2 ,B 2 ) in the case when / G H,^i(M^) and the self-adjoint operators 
Hi, H 2 , Bi, B 2 are possibly unbounded once we know that the pair (H 2 ,H 2 ) is an Sp 
perturbation of the pair (Hi, Hi), 1 < p < 2. Moreover, inequality (7.4) also holds for 
such operators. 

Remark 2. Let 3 be an operator ideal that is an interpolation ideal between Si and 
82 - Then it follows easily from Theorems 5.1 and 5.2 that for / G H^^(M'^) and for 
self-adjoint operators Hi, H 2 , Hi, H 2 with Hi — H 2 G 3, Hi — H 2 G 3, the following 
inequality holds: 

||/(Hi,Hi) - /(H 2 ,H 2 )||a < const ||/||iji max{||Hi - H 2 ||a, ||Hi - H 2 ||a}. 

To complete the section, we state a problem. 

Problem. It is well known that if / is an arbitrary Lipschitz function on R^, then 
the following inequality holds: 

||/(Hi,Hi) - /(H 2 ,H 2 )||s 2 < const ||/||Lip max {||Hi - H 2 IIS 2 , W^i - S 2 IIS 2 } (7-5) 

for arbitrary pairs (Hi, Hi) and (H 2 ,H 2 ) of eommuting self-adjoint operators such that 
Hi — H 2 G S 2 and Hi — H 2 G 82 - As we have mentioned in the introduction, the same is 
true in the Schatten~von Neumann norm Sp with 1 < p < 00 which was proved recently 
in [KPSS]. We do not know whether inequality (7.5) holds for pairs of noncommuting 
self-adjoint operators. Certainly, we have not defined functions /(H, H) for all Lipschitz 
functions / and all pairs of self-adjoint operators (H,H). However, we can consider 
pairs of finite rank self-adjoint operators (Hi, Hi) and (H 2 ,H 2 ) and ask the question of 
whether inequality (7.5) holds for such pairs. 
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8 . No Lipschitz type estimates in the operator norm 
and in the Sp norm for p > 2 ! 


The purpose of this section is to show that there is no Lipschitz type inequality of 
the form (7.2) in the norm of Sp with p > 2 and in the operator norm for an arbitrary 
function / in 

Theorem 8.1. (i) There is no positive number M such that 

WfiAuB) - f{A2,B)\\ < M\\f\\L^^^2)\\A, - A2\\ 

for all bounded functions f on with Fourier transform supported in [—27r,27r]^ and 
for all finite rank self-adjoint operators Ai, A 2 , B. 

(ii) Let p > 2. Then there is no positive number M such that 

\\f{^l,B) - /(^2,^)||Sp < Af||/||ioo(R2)||^l - ^2||Sp 

for all bounded functions f on with Fourier transform supported in [—27r,27r]^ and 
for all finite rank self-adjoint operators yli, B. 

Proof. Let us first prove (ii). Let {gj}i<j<N and {hj}i<j<N be orthonormal systems 
in Hilbert space. Consider the rank one projections Pj and Qj defined by 

PjV = {v,gj)gj and QjV = {v,hj)hj, I < j < N. 

We define the self-adjoint operators Hi, A 2 , and B by 

N N N 

Hi = ^ 2 jPj, H 2 = ^(2j + l)Pj, and B = '^k Qk- 

j=l j=l k=l 

Then ||Hi - A 2 \\sp = Np. Put 

1 — cos 2itx 

= 2^%^ ■ 

Clearly, supp^(^ C [—27r,27r], (p{k) = 0 for all /c G Z such that A: / 0, (/^(O) = 1. Put 
Tk{x) = — k). Given a matrix {Tjk}i<j^k<N-, we define the function / by 

f{x,y)= ^ Tjk(p 2 jix)(pkiy)- 

l<_7,fc<7V 

It is easy to see that (^ 2 j(Hi) = Pj, (p 2 j{A 2 ) = 0, (pk{B) = Qk provided 1 < J, A: < iV, 
and 

||/||loo(k 2) < const max |T,-fc|. 

l<j^k<N 

Clearly, 

/(Hi,H)= ^ TjkPjQk and /(H 2 ,H) = 0. 

l<j,k<N 


{f{M,B)hk,gj) = Tjk{hk,gj), 1 <j,k < N. 
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Note that 



Clearly, for every unitary matrix {ujk}i<j^k<Ni 
and {hj}i<j<iy such that {hk,gj) = Ujk- Put 

def 1 f 27rijk 


there exist orthonormal systems {gj}i<j<N 


1 < j,k < N. 


Obviously, {ujfc}i<j,fc<iv is a unitary matrix. Hence, we may find vectors and 

{hj}f=i such that {hk,gj) = ujt- Put Tjk = VN Ujk- Then 


\\f{^l:B)\\sp = ||{|'WiA:|}l<i,A:<Af||Sp = || {| }l<i,A:<Ar || S2 = 
because rank{\ujk\}i<j,k<N = 1- So for each positive integer N we have constructed 
a function / and operators Ai, A 2 , B such that |/| < const, supp#"/ C [—27r,27r]^, 

Pi - A 2 \\sp = Np and ||/Pi,H) - f{A 2 ,B)\\sp = VN. It remains to observe that 
1 _i 

limAr_j.oo p = 00 for p > 2 . 

Exactly the same construction works to prove (i). It suffices to replace in the above 
construction the Sp norm with the operator norm and observe that Pi — H 2 II = 1 and 
||/Pl,H)-/P2,H)||=^/iV. ■ 

Theorem 8.1 implies that there is no Lipschitz type estimate in the operator norm and 
in the Sp norm with p > 2. Note that in the construction given in the proof the norms 
of Ai — A 2 cannot get small. The following result shows that we can easily overcome 
this problem. 


Theorem 8.2. There exist a sequence {fn}n>o of functions in B^^ iP^) and sequences 
of self-adjoint finite rank operators and such that the 

norms ||/n||Ri do not depend on n, 

00,1 

lim pi”'P hPII — )■ 0 , but ||/(Hi,H) — /(H2,i?)|| —)■ 00. 

n—>-oo ^ ^11 

The same is true in the norm of Sp for p > 2. 


Proof. The existence of such sequences can be obtained easily from the construction 
in the proof of Theorem 8.1. It suffices to make the following observation. Let /, Ai, A 2 
and B be as in the proof of Theorem 8.1 and let e > 0. Put fs{x,y) ^/(f; f)- Then 

ll/ep^j = ll/lls^^, \\fsi£Ai,eB) - fsieA 2 ,eB)\\ = and ||eHi - £^ 2 !! = e. 

If p > 2, then 

\\fi;{£Ai,£B) - f^{£A 2 ,£B)\\sp = and ||eHi -£^2115^= £N^^^. ■ 


Remark. The construction given in the proof of Theorem 8.1 shows that for every 
positive number M there exist a function / on whose Fourier transform is supported 
in [—27r,27r]^ such that ||/|| ^00 < const and self-adjoint operators of finite rank Hi, 

H 2 , B such that Pi — yl 2 || = 1, but ||/(Hi,R) — /(H 2 ,H)|| > M. It follows that unlike 
in the case of commuting self-adjoint operators (see [APPS]), the fact that / is a Holder 
function of order a E (0,1) on does not imply the Holder type estimate 

||/(Hi,Hi) - /(H2,H2)|| < const maxjPi - yl2|r, pi - PH"}. 
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9. Two counterexamples 


We apply the results of the previous section to show that statements (i) and (ii) of 
Theorem 4.3 do not hold for p G [1,2). We also deduce from the results of § 8 that 
the divided differences and do not have to belong to the Haagerup tensor 

product L°° for an arbitrary function / in 


Theorem 9.1. Let 1 < p < 2. There are spectral measures Ei, E 2 and £'3 on Borel 
subsets o/M, a function <1> in the Haagerup tensor product L°°(£i)( 8 )hT°°(£ 2 )®hl^°°(£ 3 ) 
and an operator Q in Sp such that 


^{xi, X2, X 2 ) dEi{xi) dE2{x2)Q dEsi^xs) 0 Sp. 


Proof. Assume the contrary. Then the linear operator 


Q eG 


4>(xi,X2,X2) dEi{xi) dE2{x2)Q dEs{x3) 


is bounded on Sp for arbitrary Borel spectral measures £ 1 , £ 2 , and £3 and for an 
arbitrary function in £°°(£i)( 8 )h£°°(£ 2 )< 8 )hA°°(£ 3 ). Suppose now that T belongs to 
the Haagerup-like tensor product L°°(£i)( 8 )h£°°(£ 2 )< 8 i’^T°°(£ 3 ) of the first kind. For a 
finite rank operator T consider the triple operator integral 


W = 



^(xi,X 2 ,X 3 ) dEi(xi)TdE 2 (x 2 ) dE^ixs). 


We define the function defined by 


4>(x2,X3,Xi) = T(xi,X2,X3). 


Let Q £ Sp. We have 

tvace{WQ) = trace 


T(xi,X2,X3) dE2{x2) dE3{x3)Q dEi{xi) 



= trace 


4>(x2,X3,xi) dE2{x2) dE3{x3)Q dEi{xi) 



(see the definition of triple operator integrals with integrands in the Haagerup-like tensor 
product of the first kind in § 5). 

Thus 


trace{WQ)\ 


trace 


4>(x2,X3,xi) dE2{x2) dE3{x3)Q dEifxi) 



< 



4>(x2,X3,xi) dE 2 {x 2 ) dE 3 {x 3 )Q dEi{xi) ] 


ITI 
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(throughout the proof of this theorem in the case p = 1, the norm in Sp' has to be 
replaced with the operator norm). 

It follows that 


IIW^II 


^'(xi,X 2 ,X 3 ) dEi{xi)TdE 2 {x 2 ) dE^{x‘i) 


— • (9-1) 

By Theorem 6.3, G L°° for every / in and by (7.2), 

fiA,,B)-f{A2,B) 


(DW/)(xi,X2,y) dEAi{xi){Ai - A2)dEA2{x2) dEsiy) 

for arbitrary finite rank self-adjoint operators yli, yl 2 , and B. It remains to observe that 
by inequality (9.1), 

\\fiA,,B,)-f{A2,B)\\s^, < - A 2 IIS,, 


< const ll/lls^ J|yli - A 2 \\s^, 

which contradicts Theorem 8.2. ■ 

If we pass to the adjoint operator, we can see that for p G [1, 2), there exist a function 
'k in the Haagerup tensor product L°°(8)hT°°(8)hT°° and an operator Q in Sp such that 


^{xi,X2,X2) dEi{xi)Q dE2{x2) dEsixs) 0 Sp. 


The following application of Theorem 8.2 shows that for functions / in i3^;^(M^), 
the divided differences and do not have to belong to the Haagerup tensor 

product L°°(g)hT°°(8)h7/°°. We state the result for 


Theorem 9.2. There exists a function f in the Besov class i(lK^) such that the 
divided difference does not belong to L°° . 


Proof. Assume the contrary. Then the map 

is a bounded linear operator from i(lK^) to L°°(8)hT°°(8)hT°°. 
By (7.2), 

fiA,,B)-f{A2,B) 


(DW/)(xi,X2,y) dEA^{xi){Ai - A2)dEA2{x2) dEsiy) 

for arbitrary finite rank self-adjoint operators Ai, A 2 , and B. It follows now from 
inequality (3.10) that 

||/(Ai,H)-/(A 2 ,H)|| < < const ||/||b^ J|Ai-A 2 || 
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which contradicts Theorem 8.2. ■ 

Remark. It is easy to observe that the construction given in the proof of Theorem 
8.1 allows us to construct a function / in for which both divided differences 

and do not belong to the Haagerup tensor product (8)h (8)h . 


10. Points of Lipschitzness 

We have shown in § 8 that for functions / in there is no Lipschitz type 

estimate in the operator norm. It turns out however that for certain pairs 
of self-adjoint operators the function {A,B) i—)■ f{A,B) is Lipschitz at for all 

functions / in We establish in this section the fact that the pairs {al,j31) 

are points of Lipschitzness for all a and (3 in M. The same is true in the Schatten-von 
Neumann norm of Sp (quasi-norm for p < 1) for all p > 0. 

Theorem 10.1. There exists a positive number C such that 

WfiAB) - f{al,(31)\\ < max{P - all \\B - /3I\\} 

for arbitrary f in B^^ for arbitrary self-adjoint operators A and B, and for arbi¬ 

trary real numbers a and f3. 

Theorem 10.2. Let f G Then there exists a positive number C such that 

\\f{A, B) - f{al, mWs, < C\\f\\Bl, max { P - al\\s„ \\B - /3I\\s,} 

for arbitrary f in B]^ i(lR^), for arbitrary self-adjoint operators A and B, and for arbi¬ 
trary p > 0, and a, /3 G M. 

First we obtain several auxiliary results. 

Lemma 10.3. Let f G Then (0, •, •) G L°°(R)(8)hL°°(M) and 

II (S)W/) (0, •, Oil < const WfWBl,- 

Proof. It suffices to prove that 

||(DW/)(0,-,-)||ioo^j^ioo < const II/IIloo (10.1) 

for an arbitrary bounded function / with supp^/ C G : ||^|| < 1}. By Theorem 
6.1, we have 

(l)W/)(0,x,2/) = (DW/)(a;,0,p) = 

j&z ^ 

Now (10.1) follows from (6.2) because 

^|(s™/)(o,j»,s)f < II/IIL + 2 (4f;41II/IIL = ■ 
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Corollary 10.4. Let f G and let a, /3 G M. Then both (2)1^]/) (a, •, •) and 

/)(•,•,/?) belong to L°°(M)(8)h(M). Moreover, there exists a positive number C 
such that 

<C||/b^_ und <C||/b^_ 

for all a, 6 G M. 

Corollary 10.5. For arbitrary self-adjoint operators A and B, 
\\f{A,B)-f{aI,B)\\<C\\A-aI\\-\\fUd^^ 

and 

\\f{A,B)-f{A,m\<C\\B-m-\\f\\Bl^,- 

Proof. Clearly, it suffices to prove the first inequality for a = 0. Since 
f{x,y) - /(0,y) = x2)W/(0,a;,y), x, y G M, 

it follows that 

f{A,B) - f{0,B) = AiT>^^^f)iO,A,B). (10.2) 

Since functions in are Schur multipliers (see Subsection 2.3) we have 

\\f(A,B) - /(O.B)II < ||A|| . ||(dW/)(0. A.B)|| 

< ||A|| . ||O™/)(0.v)|L„g,l„ < C||A|| . ||/b^_, (10,3) 

The second inequality can be proved in the same way. ■ 

It turns out that similar estimates hold in the norm of Sp for arbitrary p > 0. 

Corollary 10.6. For every self-adjoint operators A and B 

\\f{A,B) - f{aI,B)\\s, < C\\A- aI\\sJf\\Bl, 

and 

\\f{A,B) - f{A,mK < ^ 11 ^ - msjfWBi, 

for all p G (0, +oo). 

Proof. Again, without loss of generality we may assume that a = 0. By (10.2), 

||/(A,B)-/(0,B)||5, <C'||A||5J|(dW/)(0,A,B)|| < WAWsMbI, 

which is a consequence of (10.3). The second inequality can be proved in exactly the 
same way. ■ 

Proof of Theorem 10.1. Clearly, 

/(A, B) - f{al, (51) = if {A, B) - f{al, B)) + {f{al, B) - f{al, (51)). 

The result follows now from Corollary 10.6. ■ 

Theorem 10.2 can be proved in exactly the same way. 
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11. A sufRcient condition for Lipschitz type estimates 


We have seen in § 8 that for functions / in the Besov class there is no 

Lipschitz type estimate in the operator norm as well as in the norm of Sp for p > 2. In 
this section we obtain a simple sufficient condition for Lipschitz type estimates of the 
form (7.2) to hold in Sp for every p > 1 and in the operator norm. 

We define a function class Note that a similar class was defined in [PeO]. 

Definition. The class ^ of function on is defined by 

In other words a function f belongs to ^ if there are sequences of functions (fn, f’n, Tn, 
and ifn on M such that 

f{x,y) = '^Tn{x)^pn{y) = '^Ti{x)f^i{y), {x,y)£R^, (11.1) 

n n 

l(R)IIV'n||L°o(IR) + ^ ll</^nllL°°(R)IIV'nllB^^^(K) < CO. (11-2) 

n n 

The norm \\f\\‘ff of f in the space ^ is, by definition the infimum of (11.2) over all 
functions pn, fi’n, Tn, and fih satisfying (11.1). 

Theorem 11.1. There exists a positive number C such that 

||/(Ai,Bi) - f{A2,B2)\\ < C||/||^(Pi - Bill + ||A2 - B 2 II), (11.3) 

whenever f G ^ and Ai, A 2 , Bi, and B 2 are self-adjoined operators. 

If p > I, Ai — A 2 G Sp, and Bi — B 2 G Sp, then 

||/(Ai, Bi) - /(A2,B2 )||s, < C\\fM\\Ai - Bills, + P 2 - B2 \\s,). (11.4) 

Proof. Suppose that f G ^ and (11.2) holds. Clearly, 

||/(Ai,Bi) - /(A2,B2)|| < ||/(Ai,Bi) - /(A2 ,Bi)|| + ||/(A2,Bi) - /(A2,B2)||. 

Making use of inequality (2.12), we obtain 

||/(Ai,Bi) - /(A2 ,Bi)|| < ^ ||<^„(Ai) - <^„(A2)|| • ||V^n(ili)|| 

n 

< const ^ ||(^n||s^^^(R)||V^n||ioo(jj)||Ai - A 2 II. 

n 

Similarly, 

||/(A 2 ,Bi) - /(A 2 ,B 2 )|| < const ^ ||(/9 J,||z,oo(r)||V^5,||b^^^(r). 

n 

This implies (11.3). The proof of (11.4) is exactly the same. ■ 
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12. Functions of noncommuting nnitary operators 


In this section we briefly explain that analogs of the above results hold for functions 
of noncommuting unitary operators hold. 

Suppose that / is a function on that belongs to the Besov space (see 

Subsection 2.1.2). As we have observed in Subsection 2.4, / is a Schur multiplier with 
respect to arbitrary spectral Borel measures on T. This allows us to define functions 
f{U, V) for (not necessarily commuting) unitary operators U and V on Hilbert space by 
the formula 

f([/,V) = 11 fiC,T),dEu{C)dEv{T), 

T T 

where Eu and Ey are the spectral measures of U and V. 

As in the case of functions of self-adjoint operators, we are would like to use the 
formula: 

f{UuV,)-f{U2,V2) 


= //J /) (Cl. C2, r) dEu, (Cl ) {Ui - U 2 ) dEu, (C2) dEv, (r), 


+ jll {^^^^f){C,n,T2)dEu,{C)dEv,{Ti){Vi-V2)dEv,{T2), ( 12 . 1 ) 

where the divided differences and 01^1/ are the functions on defined by 

(s'‘'/)(C..C2.r)ShillA:iAlh (3Pl/)(c.n,r2)1l,'h4llhT<A4, 

Cl - C 2 n-T 2 

To establish formula (12.1), we should prove that belongs to the Haagerup-like 

tensor product L°° 0 ^L°° of the first kind and belongs to the Haagerup-like 

tensor product of the second kind with respect to arbitrary Borel spectral 

measures. 

To this end, we introduce the functions on T defined by 


^n{z) 


del 


^n+l _ z~^ 

(2n + l)(z- 1) 


1 

2n -|- 1 



z G T. 


For a positive integer k, we denote by H^ the group of /cth roots of 1; 


Uk = {CeC: C" = 1 }. 

Theorem 12.1. Let n be a positive integer and let f be a bounded function on 
whose Fourier transform is supported in {{j-,k) G 1? : \j\ < n}. Then 

(oW/)Ki, 6 ,r)= =„(c.x)S„(C2f)h^lh5|<ilh. 

^I?€n2n + 1 
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Moreover, 


^ |s„(Cix)|2= ^ |h,(C20P = i, Cl, C 2 GT, 

X^^ 2 n+l €£n2„+l 

and 

< const(2n + l)||/||ioo(T). 

B 

By II • lie we mean the operator norm in the space of (2n + 1) x (2n + 1) matrices. 
Theorem 12.1 can be proved straightforwardly. We leave it as an exercise. 

Corollary 12.2. Let f be a trigonometric polynomial of degree at most n in each 
variable. Then 

< const n||/||icx,(T 2 ). (12.2) 

Similarly, it can be shown that under the hypotheses of Corollary (12.2) 

< const n||/||ioc(T 2 ). (12.3) 

Inequalities (12.2) and (12.3) imply the following result; 

Theorem 12.3. Let f be a function in i?^;^(T^). Then G 

DPI/ G 

^ ||/||b^_^ and ||DP]/|Loo^hioo^j^ioc < const WfUsly 

Theorem 12.3 implies the following result: 

Theorem 12.4. Let 1 < p <2 and let f G ;^(T^). Suppose that Ui, Vi,U 2 , V 2 are 

unitary operators such that Ui — U 2 ^ Sp and Vi — V 2 ^ Sp. Then formula (12.1) holds 

and 

||/(t/i, Cl) - f{U 2 , Oils, < const ll/b^^^ max {||t/i - U 2 \\s„ ||C - C||s,}. 

As in the case of self-adjoint operators there is no Lipschitz type inequality in the 
operator norm and in the norm of Sp with p > 2 for arbitrary functions / in iCT^). 
To prove this, we can easily adjust the proof of Theorem 8.2 to the case of unitary 
operators. 


sup 


f{x:,T) - fi^,T) 
K-i 


><,CSn2n+l 
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